Vertical coordinate information is referenced to the North American Vertical Datum of 1988 (NAVD 88).
Altitude, as used in this report, refers to distance above the vertical datum. 
Demonstration Optimization Analyses of Pumping from

Abstract
Declining water levels caused by withdrawals of water from wells in the west-central part of the Denver Basin bedrock-aquifer system have raised concerns with respect to the ability of the aquifer system to sustain production. The Arapahoe aquifer in particular is heavily used in this area. Two optimization analyses were conducted to demonstrate approaches that could be used to evaluate possible future pumping scenarios intended to prolong the productivity of the aquifer and to delay excessive loss of saturated thickness. These analyses were designed as demonstrations only, and were not intended as a comprehensive optimization study.
Optimization analyses were based on a groundwater-flow model of the Denver Basin developed as part of a recently published U.S. Geological Survey groundwater-availability study. For each analysis an optimization problem was set up to maximize total withdrawal rate, subject to withdrawal-rate and hydraulic-head constraints, for 119 selected municipal water-supply wells located in 96 model cells. The optimization analyses were based on 50-and 100-year simulations of groundwater withdrawals.
The optimized total withdrawal rate for all selected wells for a 50-year simulation time was about 58.8 cubic feet per second. For an analysis in which the simulation time and headconstraint time were extended to 100 years, the optimized total withdrawal rate for all selected wells was about 53.0 cubic feet per second, demonstrating that a reduction in withdrawal rate of about 10 percent may extend the time before the hydraulichead constraints are violated by 50 years, provided that pumping rates are optimally distributed.
Analysis of simulation results showed that initially, the pumping produces water primarily by release of water from storage in the Arapahoe aquifer. However, because confining layers between the Denver and Arapahoe aquifers are thin, in less than 5 years, most of the water removed by managedflows pumping likely would be supplied by depleting overlying hydrogeologic units, substantially increasing the rate of decline of hydraulic heads in parts of the overlying Denver aquifer.
Introduction
The Denver Basin bedrock aquifers are a primary source of water for much of the population of the southern part of the Denver metropolitan area and adjacent rural areas. Because of the slow rate of natural recharge, groundwater in the Denver Basin commonly is regarded for practical purposes as nonrenewable. Municipal-well pumping in the west-central part of the basin has contributed to water-level declines and, in some areas, declining well yields. Concerns related to the rates of water-level decline and the longevity of the usefulness of the aquifers (Topper and Raynolds, 2007) have prompted investigations (Hydrosphere Resource Consultants, Inc., and others, 1999; Black and Veatch and others, 2003) with the goal of prolonging productivity of the aquifers for beneficial use. A recent report on groundwater availability (Paschke, 2011 ) presents a three-dimensional groundwater flow model of the Denver Basin and describes the decline of water levels in wells in these areas as the rate of withdrawal of water from wells in the area has increased.
The U.S. Geological Survey (USGS), in cooperation with the Colorado Water Conservation Board (CWCB), developed a series of groundwater-flow simulations to demonstrate how optimization techniques could be used to design pumping schemes that may prolong the productivity of the Arapahoe aquifer. These analyses were designed as demonstrations only and were not intended as a comprehensive optimization study. The optimization analyses were based on the groundwaterflow model of the Denver Basin bedrock aquifers and overlying alluvial aquifer described by Banta and others (2011) . The analyses demonstrate the applicability of optimization technology to the problem of maximizing production of water while maintaining saturated thickness of the Arapahoe aquifer of at least 90 percent of the aquifer thickness for 50 or 100 years.
Purpose and Scope
This report describes results of a groundwater-flow modeling investigation designed to demonstrate the application of optimization techniques to understand the effects of various possible future pumping schemes and to delay excessive loss of saturated thickness in the Arapahoe aquifer. The optimization goals were developed in cooperation with CWCB and the Colorado Division of Water Resources (CDWR). The investigation focused on pumping from the Arapahoe aquifer in the metropolitan area south of Denver in the west-central part of the Denver Basin. The other bedrock aquifers of the Denver Basin and the overlying alluvial aquifer were included in the modeling simulations because of the hydrologic connections among the aquifers. These analyses were designed as demonstrations only and were not intended as a comprehensive optimization study.
Study Area
The project study area is the area underlain by the Denver Basin bedrock aquifer system, which occupies about 6,700 mi 2 in eastern Colorado ( fig. 1 ). The metropolitan area south of Denver (hereinafter, the south Denver metropolitan area) is the main area of interest for this study because it contains a large number (119) of municipal wells completed in the upper and lower Arapahoe aquifers ( fig. 2 ). For the purposes of this study, the south Denver metropolitan area is considered to include northern Douglas County and southwestern Arapahoe County. The groundwater model encompasses the entire study area; however, the optimization analyses only involve wells operated by municipal water providers in the south Denver metropolitan area. Two wells included in the optimization analyses are east of Denver and somewhat isolated from the other selected wells, but they belong to a water provider that operates wells within the area of greatest interest.
Denver Basin Bedrock Aquifer System
As residential development has expanded beyond Denver, particularly to the south of Denver, newly developed areas have become increasingly dependent on water from Denver Basin bedrock aquifers. Estimated production from all wells completed in the Denver Basin bedrock aquifers increased from about 15 ft 3 /s in 1958 to about 41 ft 3 /s in 1978 (Robson, 1987) and about 118 ft 3 /s in 2003 (Paschke and others, 2011a) . In 2003, municipal water providers in the study area withdrew an estimated 48 ft 3 /s (35,000 acre-ft/yr) from wells completed in the upper and lower Arapahoe aquifers, the aquifers of interest in this investigation (Paschke and others, 2011a) . A detailed description of the hydrogeologic framework is provided by Paschke and others (2011b) and is summarized in the following paragraph.
The bedrock aquifers of the Denver Basin are in wateryielding sandstones of Cretaceous and Tertiary age in a 6,700-mi 2 area in eastern Colorado located between Greeley on the north, Colorado Springs on the south, Limon on the east, and the Rocky Mountain Front Range on the west ( fig. 1 ). Rules relating to withdrawal of groundwater of the Denver Basin (Colorado Division of Water Resources, 1985) are based on a hydrogeologic framework in which four primary bedrock aquifers (the Dawson, Denver, Arapahoe, and Laramie-Fox Hills aquifers) are defined; the Dawson and Arapahoe aquifers locally are further differentiated into upper and lower aquifers ( fig. 2, table 1 ). The aquifers generally are separated by confining units. The lower Dawson, Denver, and Arapahoe aquifers represent the synorogenic deposition of sediments in the Denver Basin during Laramide uplift of the Rocky Mountain Front Range (Raynolds, 2002) . The prominent Wildcat Mountain alluvial fan mapped in the lower Arapahoe aquifer is also present in the Denver and lower Dawson portions of the sequence, and the Denver confining units are thin (mean thicknesses of 50 ft) compared to the thickness of the Denver aquifer (mean thickness of 740 ft). A confining unit separates the upper Arapahoe aquifer from the lower Arapahoe aquifer in approximately the northern one-third of the basin ( fig. 3 ). In the southern two-thirds, the confining unit is absent and, for the purposes of this study, the Arapahoe aquifer is considered undifferentiated. Alluvial sediments of the South Platte River and numerous tributaries of the South Platte and Arkansas Rivers, some of which are ephemeral or intermittent, overlie substantial areas of the bedrock basin and, where saturated, form an unconfined alluvial-aquifer system. This investigation uses the same hydrogeologic framework as the groundwaterflow model described by Paschke and others (2011b) .
Numerical Model
For the optimization analyses, the MODFLOW-2000 (Harbaugh and others, 2000) model of the Denver Basin aquifer system (Banta and others, 2011 ) was converted to a MODFLOW-2005 (Harbaugh, 2005 format. The finitedifference model grid ( fig. 4 ) encompasses the Denver Basin bedrock-aquifer system and immediately adjacent areas of the alluvial aquifer of the South Platte River (fig. 2) . The grid has 84 columns and 124 rows of square cells; each cell represents a 1-mile by 1-mile area. In the vertical dimension, the aquifers and confining units are represented by 12 model layers, as indicated in table 1. Details of model conceptualization and parameterization are fully described in Banta and others (2011) . This section only describes aspects of the model that are particularly relevant to the optimization analyses or that differ from the model described in that report.
The calibration period for the Denver Basin groundwater model extended from 1880 through 2003 (Banta and others, 2011) . In that model, one MODFLOW-2000 (Harbaugh and others, 2000) steady-state stress period was used to simulate groundwater conditions before 1880, and 15 transient-state stress periods simulated conditions from January 1, 1880, through December 31, 2003. The lengths of the stress periods ranged from 2 to 27 years. The final 4-year stress period of that model represented January 1, 2000, through December 31, 2003. Transient stress periods are subdivided into multiple time steps for accuracy. In each stress period, simulated stresses, for example pumping rates, are held constant. However, individual model cells can be deactivated at any time step if, during solution of the groundwater-flow equation, the approximated head is below the bottom of a model cell. If a cell where a pumping well is simulated is deactivated, the discharge associated with that well is no longer simulated.
The simulation periods for the optimization analyses described in this report begin January 1, 2010. To bridge the gap between the end of the calibration period and the beginning of the optimization-analysis period, a 6-year period (2004) (2005) (2006) (2007) (2008) (2009) ) was simulated in which all simulated hydraulic stresses on the system were identical to those used for 2000-2003, the final stress period of the calibration period. These stresses included simulated recharge from precipitation and irrigation, evapotranspiration, withdrawals from wells, exchange with streams and reservoirs, discharge to springs, and alluvial-aquifer outflow (Banta and others, 2011) . Hydraulic heads calculated for the end of 2009 were used as starting heads for the optimization model runs. Simulated 2009 potentiometric (hydraulic head) surfaces for the upper (model layer 8) and lower (model layer 10) Arapahoe aquifers are shown in figure 5. For the optimization analyses, the model was run with constant stresses for either 50 or 100 years.
Maps showing the height of the layer-8 simulated potentiometric surface relative to the top of the Arapahoe aquifer are provided at various simulation times to facilitate interpretation of the optimization analyses. Figure 6 shows the height of the layer 8 simulated 2009 potentiometric surface above the top of the Arapahoe aquifer in the area of interest. 
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Figure 2. Denver Basin aquifer outcrops and selected municipal wells. Maps showing simulated saturated thickness of the Arapahoe aquifer provide additional information related to the effects of sustained pumping on the aquifer at various simulation times. Figure 7 shows the simulated 2009 combined saturated thickness of the upper and lower Arapahoe aquifers. Combined saturated thickness was calculated as the sum of the saturated thickness of the upper Arapahoe aquifer and the saturated thickness of the lower Arapahoe aquifer; where the Arapahoe confining unit is present, the thickness of the confining unit is not included in the combined saturated thickness. Because 2009 simulated heads are above the top of the upper Arapahoe aquifer nearly everywhere in the area of interest, figure 7 also illustrates (nearly everywhere) the combined thickness of the upper and lower Arapahoe aquifers.
Demonstration of Optimization Analyses of Pumping from Municipal Wells
Optimization analyses were conducted to demonstrate the potential benefits of using available optimization-modeling capabilities to address questions related to prolongation of the productivity of the Arapahoe aquifer and to limitation of the loss of saturated thickness of the Arapahoe aquifer. These analyses were designed as demonstrations only and were not intended as a comprehensive optimization study. Potential benefits that could be expected to result from an appropriately designed and executed comprehensive study include: (1) extended usefulness of the aquifers as a municipal water source; (2) a cost/benefit evaluation of alternative water-supply strategies, including infrastructure costs; (3) evaluation of trade-offs between the use of potential surface-water sources and the continued use of groundwater; or (4) an analysis of the benefits of aquifer storage and recovery or artificial recharge. The primary benefit of this demonstration project is to illustrate the general usefulness of some of the capabilities of optimization analysis as they could be applied to distribution of possible future pumping from municipal wells in the Denver Basin. A discussion of possible additional analyses and technical issues that may be applicable or of concern in a more comprehensive study also is provided.
Software and Analytical Framework
Optimization analyses described in this report utilized the MODFLOW-based Groundwater Management Process (GWM) others, 2005, 2009 ). Ahlfeld and Mulligan (2000) describe key concepts and examples of optimization methods as applied to groundwater modeling. In optimization modeling, a problem is formulated by defining a set of decision variables, a set of constraints, and an objective function. Decision variables are used to control model input. Constraints are defined to assign acceptable limits on decision variables and model results. Values extracted or derived from model output commonly are referred to as state variables. The objective function is a mathematical expression that quantifies the effects of management decisions on outcomes of the managed system. A goal of optimization is to maximize or minimize the objective function. An optimization algorithm manipulates decision variables and executes model runs so as to maximize or minimize the objective function without violating any constraints.
Decision variables supported by GWM include flow-rate decision variables, which are used to control a withdrawal (discharge) or injection (recharge) flow rate at a managed-well (or well-field) location. As noted by Ahlfeld and others (2005) , the decision variables of a management problem are the quantifiable controls that are to be determined by the mathematical model of the management decision-making process. Each decision variable in the analyses described in this report was defined to control the simulated withdrawal rate from one or more wells in a model cell.
GWM supports several options for defining constraints. Two types of constraints were specified in the optimization models developed for this study: upper-and lower-bound constraints on withdrawal rates controlled by the flow-rate decision variables, and lower limits on simulated heads at selected model cells. The lower limit for managed withdrawal rates was zero. In each analysis the objective was to maximize the sum of withdrawal rates controlled by all decision variables involved in the analysis, subject to the specified constraints. With this approach the maximized total withdrawal might be obtained when one or more flow rates at individual cells is set to zero. This situation can happen when calculated head at a constraint location declines to the head-constraint value even though the decision variable controlling pumping at that location is zero.
Selection of Wells
Optimization of pumping distribution can be expected to have the most substantial benefits in areas where well-interference effects are most pronounced. In contrast, in areas where spacing between wells is so large that well-interference effects are small or negligible, optimization of pumping distribution is unlikely to be worthwhile. The west-central part of the Denver Basin was selected for analysis because the large concentration of municipal wells in the area produces conditions in which well-interference effects are most likely to have an effect on productivity of adjacent wells. In all, 119 wells ( fig. 8 ) were used to define locations at which simulated withdrawal rates were to be controlled with the flow-rate decision variables. All municipal wells completed in the Arapahoe aquifer and currently being used in the south Denver metropolitan area were considered for inclusion in the analyses; wells were eliminated from consideration only if available data were insufficient to define the well location or aquifer of completion. Two wells in southwestern Adams County also were included because they are operated by one of the major water providers of western 
Application of Optimization Analysis to Arapahoe Aquifer Pumping
The concept behind the project documented in this report was to use the groundwater model of Banta and others (2011) in conjunction with GWM others, 2005, 2009 ) to demonstrate methods to investigate pumping options that may prolong the productivity of the Arapahoe aquifer. As waterlevel declines cause increasing desaturation of an aquifer in the vicinity of pumping wells, well yields, and thus productivity of the aquifer, necessarily decline. Any measures taken to delay excessive drawdowns will tend to prolong productivity. Optimization analysis can be helpful in the development of such measures.
Two optimization analyses were designed to address issues related to the excessive loss of saturated thickness in the Arapahoe aquifer caused by pumping for municipal water supplies. In addition a baseline, non-optimized simulation was performed. The common goal in both optimization analyses was to maximize withdrawals from the Arapahoe aquifer while constraining drawdowns of water levels in the Arapahoe aquifer such that dewatering of the aquifer was limited to less than a specified percentage of the overall aquifer thickness at specified locations. In consultation with CWCB and CDWR, the constraint was defined as 10 percent, so that at least 90 percent of the overall aquifer thickness would remain saturated. This percentage allows unconfined yield to be considered in the analyses, and it produces optimization results in which pumping rates are substantially constrained to avoid violating the head constraints. The two analyses differed in the simulation time at which the head constraints applied.
In these analyses the term "managed-flow cell" refers to a model cell where simulated withdrawal rate is controlled by a flow-rate decision variable and determined as part of the solution to the optimization formulation. In many instances, a managed-flow cell contains a single municipal well. In other instances, a single managed-flow cell contains multiple municipal wells because multiple wells are located within the area represented by the model cell. Ninety-six managed-flow cells were required to include all 119 wells and, thus, 96 flow-rate decision variables were defined. Depending on the completion interval of a well, the corresponding managed-flow cell was either in model layer 8 or layer 10 (table 1) .
For each managed well included in the analysis, a maximum withdrawal rate was assigned. The bases for the maximum withdrawal rates for the various wells depended on data availability, according to the following order of preference:
1. The maximum pumping rate supplied by the municipal water provider that operates the well; 1986) . A decision variable was defined for each model cell corresponding to one or more managed municipal wells, and a maximum withdrawal rate was defined for each decision variable (table 2) from the maximum withdrawal rate(s) for any managed-flow well(s) in that cell. Each flow-variable name is composed of "FV" (where "FV" stands for "flow variable"), followed by a string of characters identifying the location of the corresponding managed-flow cell, in the format LL_RR_CC, where LL is the layer number in the model grid, RR is the row number, and CC is the column number. If a cell contained multiple municipal wells, the decision-variable maximum withdrawal rate was determined as the sum of the maximum withdrawal rates of all managed-flow wells within the cell. Wells included in the simulations but not included in any decision variable are referred to as "unmanaged" wells. Withdrawal rates for unmanaged wells were specified at the rates that applied for the 2004-2009 period. In the Denver Basin, most wells are completed in a single aquifer; however, some wells are completed in multiple aquifers. In the model simulations, pumping from wells completed in a single aquifer is simulated using the Well Package of MODFLOW-2005 (Harbaugh, 2005 . Pumping from wells completed in multiple aquifers is simulated using the MultiNode Well (MNW) Package (Halford and Hanson, 2002) . For the 2004-2009 simulation, the simulated pumping rate for all wells completed in the upper, lower, or undifferentiated Arapahoe aquifer and simulated by the Well Package was 43.4 ft 3 /s; this rate is for wells of all water uses (not just municipal) in the entire Arapahoe aquifer (not just the area of interest).
Some wells represented by the MNW Package are completed in the upper and lower Arapahoe aquifers; some are completed in the Denver aquifer in addition to the upper and lower Arapahoe aquifers, and some are completed in aquifers other than the Arapahoe. Even though MNW withdrawal rates are held constant for 2004 and later, interaquifer flow simulated by the MNW Package changes slightly during the course of a simulation in response to changing hydraulic heads near the MNW-simulated wells. However, the variability in [2004] [2005] [2006] [2007] [2008] [2009] for 78 wells that were removed from the Well Package and included in decision variables for the non-optimized simulation and optimization analyses. The other 41 of the 119 wells included in decision variables are wells that either were newly constructed or otherwise were absent from the set of wells identified and simulated as Arapahoe aquifer municipal wells in the Denver Basin model (Banta and others, 2011) .
A single set of altitudes was defined and incorporated into hydraulic-head constraints for the optimization analyses. Two head-constraint altitudes were defined for each managedflow cell location: one in layer 8 and one in layer 10. In much of the area affected by pumping from wells in the westcentral Denver Basin, the confining bed between the upper and lower Arapahoe aquifers is absent, and, for the purposes of this investigation, the Arapahoe aquifer is considered undifferentiated.
Head-constraint altitudes were chosen for each flow-rate decision-variable location such that, depending on the layer and the presence or absence of the Arapahoe confining bed, if the head for the cell was at the constraint head, the saturated thickness of either the upper, lower, or undifferentiated Arapahoe aquifer would be 90 percent of the aquifer thickness. Where the Arapahoe confining bed is present, a constraint was defined for the layer-8 cell at an altitude that would represent 90 percent of the thickness of the layer-8 cell, and a constraint was defined for the layer-10 cell at an altitude that would represent 90 percent of the thickness of the layer-10 cell. In areas where the Arapahoe confining bed is absent, the bottom of layer 8 was set equal to the midpoint altitude of the Arapahoe aquifer, and the bottom of layer 9 was assigned to be 0.1 ft below the bottom of layer 8 (Banta and others, 2011) . The head constraint for both the layer 8 and the layer 10 cells were defined at an altitude that would represent 90 percent of the overall thickness of layers 8 through 10.
Locations and head values for all head constraints are listed in table 3. The constraint names were generated as "HC" followed by a string of characters in the format LL_RR_CC, where LL is the layer number, RR is the row number, and CC is the column number of the model cell where the constraint applied. For the two optimization analyses, the total simulation time was either 50 or 100 years. All pumping rates remained constant throughout the 50-or 100-year simulation period. In each analysis the constraints applied at the end of the simulation time. The height of the 2009 simulated head above each constraint altitude (table 3), which ranges from 65.1 to 966.9 ft, indicates the amount of drawdown available at each constraint location for the 50-or 100-year simulation period.
Because of nonlinear computational behavior during solution of the Denver Basin model (Banta and others, 2011) , the sequential linear programming (SLP) approach of GWM others, 2005, 2009 ) was selected to solve the optimization problems. MODFLOW and SLP solver settings and convergence criteria were defined to calculate model results with sufficient precision to enable the SLP algorithm to generate reliable results. Details of the SLP method and solver settings are provided in Ahlfeld and others (2005) . Table 2 lists the flow-rate decision variables used in the optimization analyses. The purpose of each analysis was to determine the optimum spatial distribution of pumping among all wells for either 50 or 100 years, subject to the maximum withdrawal-rate constraints and head constraints. The formulation of each optimization analysis can be expressed in terms of the following objective function and constraints: 
Non-Optimized Simulation
To provide a basis for evaluating the optimization analyses, a 100-year simulation using non-optimized pumping rates was performed, representing Jan. 1, 2010, through Dec. 31, 2109. For this simulation, pumping rates for all decision variables were assigned as the maximum withdrawal rates (table 2). Other stresses were assigned at the 2004-2009 simulated values. For the non-optimized simulation, 63 of the 182 head constraints were not met, and 10 of the head-constraint cells were deactivated (converted to no-flow cells) because the estimated head in the cell dropped below the cell bottom during solution of the groundwater-flow equation. These 10 deactivated head-constraint cells (table 3) are associated with 6 managed-flow cells (table 2). The head constraints that were violated during the non-optimized simulation are identified in table 3 by the presence of a year in the column labeled "Headconstraint violation year (non-optimized simulation)." Head constraints were violated in years ranging from 2017 to 2109.
If no managed-flow cells had been deactivated, the total pumping rate for managed-flow cells would have been 64.9 ft 3 /s throughout the non-optimized simulation (table 4) . However, four of the managed-flow cells were deactivated; as a result, the total pumping rate for managed-flow cells at the end of the simulation was 54.9 ft 3 /s. The total rate of withdrawals from the Arapahoe aquifer was 107.5 ft 3 /s (table 4) at the beginning of the simulation, when no cells had been deactivated.
Analysis 1: Optimization of Pumping for Managed Withdrawals Over 50-Year Period
Analysis 1 was designed to establish an optimal set of constant withdrawal rates for 96 decision variables representing 119 municipal wells. In this 50-year analysis, the optimal solution was obtained when 81 of the 96 decision variables were assigned (by GWM) at their maximum withdrawal rates, and 2 of the decision variables were assigned (by GWM) a withdrawal rate of zero. The other 13 decision variables had nonzero values less than their maximum rates. No constraints were violated. Table 2 lists the optimized withdrawal rates for individual decision variables for this analysis. The total optimized withdrawal rate for managed wells for the 50-year analysis was about 58.8 ft 3 /s (table 4) . This rate is about 9 percent smaller than the sum of the maximum withdrawal rates for managed wells, which is about 64.9 ft /s (table 4). The 2059 potentiometric surfaces for the upper and lower Arapahoe aquifers, as simulated using the withdrawal rates from the 50-year optimization analysis, are shown in figure 9 . The difference in altitude between the simulated 2059 layer-8 potentiometric surface and the top of the Arapahoe aquifer is shown in figure 10 . Areas where the 2059 potentiometric surface is below the top of the Arapahoe aquifer (unconfined conditions) are shaded in figure 10 . The combined 2059 saturated thickness of the upper and lower Arapahoe aquifers is shown in figure 11 . Figures 12-14 (orange curves) show simulated hydrographs for layer-8 cells at three managed-flow cell locations selected as being representative of a range of simulated conditions. The hydrographs illustrate that the optimization results in heads being limited by the head constraints at cell (8, 63, 18) (fig. 12 ). At cells (8, 73, 20) (fig. 13 ) and (8, 64, 24) (fig. 14) , the head constraints are not limiting and do not affect the optimization outcome. However, the simulated head at cell (8, 64, 24) at the end of the 50-year analysis is only 13 ft above the head constraint (table 3).
Analysis 2: Optimization of Pumping for Managed Withdrawals Over 100-Year Period
Analysis 2 was designed to provide insight into the question "How much would the total withdrawal rate need to be reduced to extend the time before the hydraulic-head constraints are violated from 50 to 100 years, given the same constraints as in Analysis 1?" Analysis 2 used the same set of 96 decision variables as in Analysis 1, and the maximum withdrawal rate for each decision variable was the same as in Analysis 1. The only differences between Analysis 1 and Analysis 2 were the simulation duration and the simulation time at which the head constraints applied. In Analysis 2 the head constraints applied at the end of the 100-year (2010 through 2109) simulation rather than at the end of the 50-year simulation. 2 Initial pumping rate. Because four managed-flow cells were deactivated during the simulation, the total pumping rate for managed wells was 54.9 ft 3 /s at the end of the simulation.
3 Harbaugh (2005) for wells completed in a single aquifer. 4 Halford and Hanson (2002) for wells completed in multiple aquifers. 5 Initial total pumping rate. Because four managed-flow cells were deactivated during the simulation, the total pumping rate was 97.5 ft 3 /s at the end of the simulation. 
Year
In this analysis the optimal solution was obtained when 73 of the 96 decision variables were assigned (by GWM) at their maximum withdrawal rates and 2 of the decision variables were assigned (by GWM) a withdrawal rate of zero. The other 21 decision variables had nonzero values less than their maximum rates. No constraints were violated. The optimized withdrawal rates for managed wells are listed in table 2. The total optimized withdrawal rate for managed wells for the 100-year analysis was about 53.0 ft 3 /s. This withdrawal rate represents a reduction in the optimized withdrawal rate from managed wells of about 10 percent, relative to the Analysis 1 result. The total optimized withdrawal rate from managed wells is about 18 percent smaller than the sum of the maximum withdrawal rates for managed wells. figure 16 . The area where the 2109 potentiometric surface is below the top of the Arapahoe aquifer (unconfined conditions, shaded in fig. 16 ) is somewhat larger than for Analysis 1 (fig. 10 ). Even so, this area is mainly limited to the vicinity of the municipal wells. The combined 2109 saturated thickness of the upper and lower Arapahoe aquifers is shown in figure 17 . In general, the maps showing the results of the 100-year analysis (figs. 15-17) are substantially similar to those showing the results of the 50-year analysis (figs. 9-11). The similarity results from the similarity in design of the two analyses, which used identical decision-variable and head constraints. Figures 12-14 show simulated hydrographs for layer-8 cells at selected managed-flow cell locations. The hydrographs illustrate that the optimization solution results in heads being limited by the head constraints at cells (8, 63, 18) ( fig. 12) and (8, 64, 24) (fig. 14) but not at cell (8, 73, 20) (fig. 13) . 
Comparison with Non-Optimized Simulation
Hydrographs for the non-optimized simulation are plotted in gray along with hydrographs generated by the optimization analyses in figures 12-14. The differences among the hydrographs vary depending on location of the cell of interest.
The differences between the hydrograph for the nonoptimized simulation and the hydrographs for the optimized simulations are dramatic at cell (8, 63, 18) (fig. 12 ). For the non-optimized simulation, the head in this cell violates the head constraint in 2022, and the cell is deactivated at the first time step in 2100. Optimizing the pumping prevents simulated heads at this cell (and other cells at managed-flow and head-constraint locations) from violating head constraints and, therefore, prevents cell deactivation.
At first glance the benefit of optimization is not obvious at cell (8, 73, 20) (fig. 13) . The hydrograph for the nonoptimized simulation is just below the hydrograph generated by the 50-year optimization analysis until 2056, at which point the hydrograph for the non-optimized simulation rises a few feet before declining again and closely following the hydrograph generated by the 100-year optimization analysis. This apparent anomaly is an artifact, however, resulting from the deactivation of managed-flow cells and the resulting elimination of pumping associated with those cells.
At cell (8, 64, 24) the hydrograph generated by the nonoptimized simulation again is slightly below the hydrograph for the 50-year optimization analysis. The benefit of optimization becomes apparent when the non-optimized hydrograph is compared with the hydrograph for the 100-year optimization analysis. In the non-optimized simulation, the head in cell (8, 64, 24) violates the head constraint (4,532.4 ft) in 2066 and declines to 4,428.8 ft at the end of the simulation, more than 100 ft below the head constraint. In the 100-year optimization analysis, in contrast, the head constraint is not violated.
Effects of Managed-Flows Pumping
As described in the section titled "Application of Optimization Analysis to Arapahoe Aquifer Pumping," the total 2004-2009 simulated withdrawal rate for Arapahoe aquifer wells was 48.3 ft 3 /s, and for both optimization analyses, pumping from unmanaged wells was 42.6 ft 3 /s (table 4). For Figure 13 . Simulated hydrographs and head constraint for cell (8, 73, 20; layer, row, column) for optimization analyses and for model results using non-optimized pumping rates. . Simulated hydrographs and head constraint for cell (8, 64, 24; layer, row, column) for optimization analyses and for model results using non-optimized pumping rates.
Analysis 1, optimized pumping from managed wells was 58.8 ft 3 /s, and the total of pumping from unmanaged and managed wells was 101.4 ft 3 /s ( /s, these total well-pumping rates for the optimization analyses represent a substantial increase in pumping. This section describes the simulated effects of the increased pumping.
Water-budget analyses using the program Zonebudget (Harbaugh, 1990) illustrate the effects of the managed-flows pumping rate simulated in Analysis 1. For the Zonebudget analyses, the model domain was divided into three zones: model layers (1-7) representing units that overlie the Arapahoe aquifer, model layers (8-10) representing the Arapahoe aquifer and the Arapahoe confining unit, and model layers (11) (12) The "managed withdrawals" line of figure 18 represents the total flow rate for all managed flows, as optimized in the 50-year analysis. The "unmanaged withdrawals" curve represents well pumping simulated using the Well Package. The other curves shown in figure 18 illustrate the response of selected other water-budget components to the optimized managed-flows pumping. The "storage in" curve represents water released from confined and unconfined storage in the Arapahoe aquifer and Arapahoe confining unit. The "from overlying units" curve of figure 18 represents flow into the Arapahoe aquifer across its upper boundary; the values are a combination of all sources of water in those units, including removal of water from storage, induced recharge, and capture of discharge. Similarly, the "from underlying units" curve represents flow into the Arapahoe aquifer across its lower boundary. The "to overlying units" curve represents flow out of the Arapahoe aquifer across its upper boundary. 3 /s, supplies a small part of the managed-flows rate. In the first time step after time zero, the "storage in" curve increases from 3.3 ft 3 /s to 41.2 ft 3 /s; this change in flow from storage is associated with a rapid initial decline in hydraulic heads in the Arapahoe aquifer in response to the onset of managed-flow withdrawals. The rate of release from storage in layers 8-10 decreases rapidly after the first time step, however, and by 4.9 years into the Analysis 1 simulation period, the rate of release from storage is 6.5 ft 3 /s. This decline in the rate of release from storage is indicative of a change in the source of water for managed flows from storage to other sources of water, primarily flow from adjacent units. Flow from overlying units increases from 66.3 ft 3 /s at the beginning of the Analysis 1 simulation to 111.8 ft 3 /s at 4.9 years. Other budget components are affected by the managed-flows pumping, but much less substantially.
The large increase of flow from units overlying the Arapahoe aquifer resulting from managed-flows pumping is indicative of substantial changes in hydrologic conditions in overlying units resulting from the increase in withdrawals from the Arapahoe aquifer. The most significant change is the effect on hydraulic heads in the Denver aquifer (model layer 6), which is attributed, in part, to the thinness of the confining bed separating the Denver and Arapahoe aquifers, especially on the west side of the basin (Paschke and others, 2011a) . Results for the calibration period of the groundwater-flow and predictive simulations indicate substantial simulated vertical connection between these layers and downward flow induced by the increase in pumping in the Arapahoe aquifers (Paschke and others, 2011b) . For comparison purposes, a model run was set up to simulate aquifer response to stresses that were used in the 2004-2009 simulation but extended through 2109 with the stress-period and time-step lengths matching those of the Analysis 1 and Analysis 2 runs; this simulation had no managed-flows pumping. Figure 19 is a hydrograph for the cell in model layer 6 (Denver aquifer), row 63, column 18. Cell (6, 63, 18) is in an area of substantial drawdown in the Arapahoe aquifer resulting from the managed-flows pumping (figs. 8-11 and 15-17) . The top curve in figure 19 , for the simulation without managed-flows pumping (using 2004-2009 stresses) , shows the calculated head in the Denver aquifer at this location declining during the 106-year simulation from an initial value of 5,368 ft to 4,998 ft in 2109, which is 215 ft above the cell bottom at 4,783 ft. The other two curves are for the Analysis 1 and Analysis 2 simulations. In the Analysis 2 simulation, this cell in model layer 6 is converted to inactive as the calculated head approaches the cell bottom. Figure 18 also indicates that the response of volumetricbudget components to managed-flows pumping changes over time. Another Zonebudget (Harbaugh, 1990) analysis was performed using the results of the simulation without managedflows pumping for comparison with the Analysis 1 results. Differences between the two simulations in the flow rates for selected budget components for all time steps are shown in figure 20 . Components not shown account for less than 1 percent of the managed flows. The differences show the extent to which each selected budget component contributes to the managed-flows pumping. Three pie charts ( fig. 20 ) illustrate how these differences change over time. Figure 20A is for 64 days, figure 20B for 4.9 years, and figure 20C for 50 years after managed-flows pumping begins. As the sequence of charts in figure 20 shows, most of the managed-flows pumping initially comes from release of water from storage in the Arapahoe aquifer. However, the primary source of water rapidly shifts, so that by 4.9 years after the start of managedflows pumping and through the rest of the simulation, most of the water comes from increased flow from overlying hydrogeologic units, primarily layer 6, which represents the Denver aquifer. 
Limitations
As with any modeling analysis, appropriate interpretation and use of analysis results necessarily are limited by practical considerations. It is important for readers to recognize these limitations and resist the temptation to over-interpret simulation and optimization results. This section describes some of those considerations.
The groundwater-flow simulations on which the optimization analyses rely are based on assumptions regarding future stresses on the aquifer system. The accuracy of the simulations also are limited by the degree to which the groundwater-flow model approximates the physical aquifer system. Banta and others (2011) present a pertinent discussion of model uncertainty and limitations. Simulation results and optimizationanalysis results are not intended to be interpreted as absolute predictions of future conditions. These results are intended to be most informative in the context of comparison of starting and final aquifer conditions and of comparison between results of the two optimization analyses.
The head constraints as implemented in the optimization analyses are surrogates for field conditions of concern in the operation of municipal water wells. In particular, the optimization analyses use model-calculated hydraulic head in 1-mile by 1-mile model grid cells instead of the water level in a pumping well, which would be more appropriate from an operational standpoint. The head to which the simulated head is compared, either the altitude of 90-percent saturated thickness of the Arapahoe aquifer or the altitude of 90-percent saturated thickness of the upper or lower Arapahoe aquifer, was selected in recognition that the head in a pumping well would be substantially lower than the average head in a onesquare-mile area of aquifer. A more rigorous approach would be to use an analytical tool, possibly the Multi-Node Well (MNW2) Package (Konikow and others, 2009) , to simulate heads in pumping wells and to use pump-intake altitudes as head constraints, but such a high-resolution approach was beyond the scope of the current project. Given the approach that was used, it is recognized that the maps and hydrographs based on simulated head and presented in this report represent only a coarse resolution of possible future conditions that could be expected to result from the long-term average pumping rates that are described. For example, apparent uniformity of the large shaded area in figure 16 where head is below the top of the Arapahoe aquifer but where saturated thickness is at least 90 percent of the aquifer thickness (indicated by nonviolation of the head constraints) is an artifact generated by the coarseness of the grid cells relative to the scale of drawdown effects in the vicinity of a pumping well. Although it may be possible to obtain such a saturated-thickness distribution by distributing the simulated pumping much more evenly, for example by installing a large number of wells in each squaremile cell and pumping each at a small fraction of the total pumping rate indicated for the cell, for practical purposes this distribution needs to be interpreted as a spatial and temporal generalization. Actual field conditions would be much less uniform.
The discretization of the model domain into rows and columns is insufficiently refined to allow withdrawals from municipal wells to be resolved to a degree that would allow for reasonably accurate well-interference effects. In many instances, the area represented by a single model cell contains multiple municipal wells with interwell spacing that is far smaller than the 1-mile cell dimensions. Finer discretization could reduce this problem, but practical limitations related to model discretization (for example, computer memory requirement and execution time) likely would prevent elimination of the problem.
Model stress periods were of multiyear duration rather than some duration appropriate for day-by-day, month-bymonth, or season-by-season well operations. This temporal discretization of stresses prevents the model from predicting seasonal fluctuations of aquifer hydraulic heads and substantially limits the accuracy with which simulation results can be expected to represent actual field conditions.
The performance of wells completed in the bedrock aquifers of the Denver Basin under unconfined conditions has been a subject of debate among water providers, hydrologists, and engineers in Colorado. Of particular concern is the potential effect of numerous shale and mudstone intervals having relatively small permeability interlayered with more productive, higher permeability layers in the various aquifers, including the Arapahoe aquifer. Preliminary analyses (Mark Palumbo, HRS Water Consultants, Inc., written commun., 2002) indicate that effects of such layering on water levels (increased drawdown) in, and in the immediate vicinity of, pumping wells may be substantial. The analyses described in this report do not consider layering in the aquifers and its effects on hydraulic heads in the vicinity of pumping wells. As aquifer conditions convert from confined to unconfined in the vicinity of pumping wells, water providers may find it necessary to install and produce from multiple wells to achieve production rates comparable to production rates attained under confined conditions.
Possible Additional Analyses
The analyses documented in this report demonstrate examples of possible formulations of optimization problems designed to address excessive loss of saturated thickness due to municipal pumping in the Arapahoe aquifer. These examples are only a small subset of the possible optimization approaches that could be used to analyze the costs, effects, and benefits of municipal pumping. This section presents a number of possibilities for additional optimization analyses. drawdowns in the Denver aquifer. The analyses described in this report did not include any mechanism for constraining the effects of Arapahoe withdrawals on the Denver aquifer. In a future analysis, it may be desirable to include a mechanism by which constraints on the effects on the Denver aquifer would be incorporated into the optimization scheme. One possible mechanism, currently supported by GWM (Ahfeld and others, 2009), would be to define drawdown constraints for selected cells representing locations in the Denver aquifer. Alternatively, a mechanism involving the use of Zonebudget (Harbaugh, 1990) and separate optimization software could be developed to implement a constraint on changes to flow from the Denver aquifer to the Arapahoe aquifer, compared to a base simulation.
Refine Spatial and (or) Temporal Discretization
Accuracy of modeled effects of pumping could be improved by refining the spatial and (or) temporal discretization of the Denver Basin model. The Local Grid Refinement Package Hill, 2005, 2010) could be used to refine the model grid in the area of greatest interest to improve resolution of well-interference effects.
More accurate simulation of pumping effects could be achieved by defining stress periods and corresponding well withdrawals on a seasonal or monthly basis. This would require a substantial effort to estimate seasonal or monthly pumping rates. It also would require similar revisions to at least part of the calibration period of the Banta and others (2011) model and recalibration of that model. The benefit of refined spatial and temporal discretization would be that calculated hydraulic heads would enable the model to more closely approximate the conditions that limit the operation of wells.
Simulate and Place Constraints on Water Levels in Production Wells
The MNW2 Package (Konikow and others, 2009 ) can be used with MODFLOW-2005 to simulate water levels in pumping wells. Note that, despite the "multi-node" descriptor in the package name, the MNW2 Package also can be used to simulate a well connected to a single model cell with the benefit that water level in the well can be calculated. The version of GWM others, 2005, 2009 ) used for the analyses described in this report does not support constraints on water levels in wells calculated by MNW2. To include this type of constraint in an optimization analysis would require the use of alternative optimization software or addition of support for MNW2-based head constraints in GWM. Appropriate use of the MNW2 Package also would require analyses and (or) calibration to establish settings and realistic coefficients that determine the head loss between a well and the model cell in which the well is located. As for the suggested refinement of spatial and temporal discretization, simulation of water levels in wells and basing constraints on those simulated water levels would enable the model and the optimization algorithm to more closely approximate the conditions that limit the operation of wells.
Include Infrastructure Costs in Optimization Analysis
Implementation of optimized pumping distributions, such as those described in this report, could involve construction of additional infrastructure, in which case municipalwater providers would incur substantial costs. Optimization software, including GWM, generally is designed to support analyses involving objective functions of various kinds. An objective function could be written in terms of financial costs, for example, rather than withdrawal rates. An analysis that considers construction, operation, and maintenance costs as well as hydrologic benefits and effects would be useful in a cost/benefit analysis related to potential infrastructure construction.
Summary and Conclusions
Optimization analyses were performed to demonstrate approaches that might be used to address issues related to operation of municipal wells in an area of interest of the Arapahoe aquifer in the west-central part of the Denver Basin. The analyses used a previous conceptual model and groundwater-flow model of the Denver Basin. These analyses were designed as demonstrations only and were not intended as a comprehensive optimization study. For each analysis an optimization problem was set up to maximize a total withdrawal rate, subject to withdrawal-rate and hydraulic-head constraints. The head constraints were at the 90-percent saturated thickness altitude of the Arapahoe aquifer where it is undifferentiated. Where the Arapahoe aquifer is divided into upper and lower parts by a confining unit, head constraints were defined at the 90-percent saturated thickness altitudes of the upper and lower Arapahoe aquifers.
In Analysis 1 an optimal withdrawal distribution for 96 flow-rate decision variables representing 119 wells was determined using a 50-year simulation period. The distribution was determined by setting up an optimization problem to maximize the sum of withdrawals for all decision variables, subject to a set of minimum head constraints at the end of the 50-year period. The optimized total withdrawal rate for all managed wells was 58.8 ft time until violation of the 90-percent saturated-thickness constraints might be extended from 50 years to 100 years by a 10-percent decrease in total pumping rates of the managed wells.
Analyses of the simulated groundwater volumetric budget show time-dependent effects on various budget components in response to managed-flows pumping. Initially, the pumping produces water primarily by release of water from storage in the Arapahoe aquifer. In less than 5 years, however, most of the water removed by managed-flows pumping likely would be supplied from overlying hydrogeologic units.
Comparison of Denver aquifer simulated heads generated from model runs with optimized pumping with heads generated from a run using pumping rates unchanged from the 2004-2009 simulation showed that the optimized pumping rates could result in an increase in the rate of decline of hydraulic heads in parts of the Denver aquifer because of the simulated hydraulic connection between the Denver and Arapahoe aquifers. Additional analyses would be needed to determine the extent to which Arapahoe aquifer pumping rates would need to be modified to limit drawdown effects in the Denver aquifer to acceptable amounts.
